Quantum transport through single molecules is very sensitive to the strength of the molecule-electrode contact. Here, we investigate the behavior of a model molecular junction weakly coupled to external electrodes in the case where charging effects do play an important role ͑Coulomb blockade regime͒. As a minimal model, we consider a molecular junction with two spatially separated donor and acceptor sites. Depending on their mutual coupling to the electrodes, the resulting transport observables show well defined features such as rectification effects in the I-V characteristics and nesting of the stability diagrams. To be able to accomplish these results, we have developed a theory which allows us to explore the charging regime via the nonequilibrium Green function formalism, and found full agreement with the master-equation results. Our theory, beyond its experimental relevance, offers a transparent framework for the systematic and modular inclusion of a richer physical phenomenology.
I. INTRODUCTION
Single-molecule electronics [1] [2] [3] has been mostly investigated in the high temperature and strong contact to the electrode regime. The opposite limit of low temperature and weakly coupled molecular junctions poses a challenge to the currently available experimental techniques. Still, the possibility to probe the spectroscopy of single-molecule junctions via a lateral gate could offer new insights to the peculiar coupling of the electrical and mechanical degrees of freedom at the nanoscale, and first experiments have appeared in the literature. 4 In order to be able to establish the transport mechanisms governing such molecular junctions in the Coulomb blockade ͑CB͒ regime, a technique which could tackle on one hand single electron charging effects and, on the other hand, the inclusion of the electron-vibron coupling is of extreme importance. The nonequilibrium Green function ͑NEGF͒ formalism has been recently employed to describe transport observables on the base of a density functional theory description of the electronic structure 3, [5] [6] [7] [8] [9] [10] [11] and model Hamiltonian approaches. [12] [13] [14] [15] Previously, we applied the NEGF to describe the influence of the vibron dynamics onto a molecular transistor, 16, 17 but the NEGF method is typically substituted with master-equation approaches when coming to the case of the Coulomb blockade. [18] [19] [20] Our purpose is to study the problem of a two-site donor and/or acceptor molecule in the CB regime within the NEGF as a first step to deal with the phenomenology of a rigid multilevel island. The nuclear dynamics ͑vibrations͒ always present in molecular junctions could then be modularly included in this theory. Our method developed in this paper can be calibrated on the well-studied double quantum dot problem 21, 22 and could be possibly integrated in the density functional theory based approaches to molecular conductance.
Here, we apply our theory to the case of a two site energetically asymmetric molecular junction. In the case of serial coupling to the electrodes, this configuration consists, de facto, in a molecular rectifier ͑diode͒ as proposed a long time ago by Aviram and Ratner 23 and recently experimentally realized. 24 We show that the sequential tunneling regime, being a fundamental different regime from coherent transport, is compatible to the observed rectification features. 24 The serial arrangement of a double-site correlated molecule between two leads is possibly the simplest configuration. The more general case ͑see Fig. 1͒ , which includes parallel pathways, shows in the sequential tunneling regime an interplay of correlated effect and interference eventually bringing to the phenomenon of a nesting of the stability diagrams due to the coexistence of different charging energies.
In this paper, we introduce a powerful ansatz for the NEGF which is related both to the equation-of-motion ͑EOM͒ method and to the Dyson equation approach. From the knowledge of the Green function ͑GF͒, we then calculate the transport observables. Our results are of particular interest in its own at a formal level. In the case of a single site junction ͑SSJ͒ with Coulomb interaction ͑Anderson impurity model͒, the linear conductance properties have been successfully studied by means of the EOM approach in the cases related to CB 25, 26 and the Kondo effect. 27 Later, the same method was applied to some two-site models. 12, 28, 29 Multilevel systems were started to be considered only recently. 30, 31 Besides, there are some difficulties in building the lesser GF in the nonequilibrium case ͑at finite bias voltages͒ by means of the EOM method. [32] [33] [34] Here, we develop a self-consistent nonequilibrium method for the GF of a SSJ and of a doublesite junction ͑DSJ͒. The results of the EOM method could be calibrated with other available calculations, such as the FIG. 1. ͑Color online͒ The general configuration of a doublesite junction. The levels ⑀ 1,2 with charging energies U 1,2 are connected via t and coupled to the electrodes via the linewidth injection rates ␥ ␣ i .
master-equation approach and the noncrossing approximation. This paper is organized as follows: after the derivation of the nonequilibrium results for the retarded and lesser GFs for the SSJ and DSJ ͑Sec. II͒, we do show their effects on the transport observables ͑Sec. III͒.
II. NONEQUILIBRIUM EOM METHOD
The goal of this paper is the determination of the transport observables for a minimal model of a molecular junction in the CB regime, namely, a double-site correlated impurity Hamiltonian coupled to extended electrode states. For clarity, we first describe our method in the more familiar problem of a single site junction, which is the well-known Anderson impurity model.
A. Single site case
The Anderson impurity model is used to describe the Coulomb interaction on a single site:
where
where d and c are the operators for electrons on the dot and on the left ͑␣ = L͒ and the right ͑␣ = R͒ lead, U is the Coulomb-interaction parameter, ⑀ is the level of the quantum dot, while ⑀ k, ␣ is the spin level of lead ␣ in k space, = ↑ , ↓. With the help of the EOM and the truncation approximation, we can get a closed set of equations for the retarded and advanced GFs G , r/a , 26, 35 
are the electron self-energies.
B. Nonequilibrium second-order truncation
Mapping on retarded Green functions
There are two typical ways to calculate GFs. The first is by means of the Dyson equation and Feynman diagrams, the second is by means of the EOM. 36 For retarded GFs, from the EOM method, and with the help of Eqs. ͑5a͒ and ͑5b͒, we can get
where G r is the single-particle GF matrix
and G , ͑1͒r = G , ͑2͒r / ͗n ͘. G 0 r describes the single-particle spectrum without Coulomb interaction, but including the effects from the electrodes. ⌺ , EOM = U͗n ͘ is the Hartree-like selfenergy of our model. Since there is only Coulomb interaction on the site with the levels ⑀ , the Fock-like self-energy is vanishing.
Alternatively, by means of the Dyson equation and the second-order truncation approximation, taking Hartree-like self-energies ⌺ , H = U͗n ͘ ͑=⌺ , EOM ͒, we can also get the retarded GFs as follows:
r is the first-order truncation GF. Within the level of the second-order truncation approximation, we see that there is a map between the EOM results and the Dyson results:
Equation ͑10͒ prompts a way to include further manyparticle effects into the Dyson equation, Eq. ͑10b͒, by replacing the Dyson-first-order retarded Green function G 1 r with the EOM G ͑1͒r . Then, one already obtains the correct results to describe CB while keeping the Hartree-like self-energy.
Mapping on contour and lesser Green functions
Introducing now the contour GF Ĝ , we can get the Dyson equation as follows:
35,37-39
where ⌺ is the self-energy matrix. 35 According to the approximation for the retarded GF in Eq. ͑9͒, we take the second-order truncation on Eq. ͑11͒, and then get
is the first-order contour GF, and Ǧ 0 has already included the lead broadening effects.
Similar to the mapping in Eq. ͑10͒, we perform an ansatz consisting in substituting the Dyson-first-order G 1 r/a/Ͻ with the EOM one G ͑1͒r/a/Ͻ to consider more many-particle correlations, while the EOM self-energy is used for the Dyson equation for consistency:
͑13͒
Then, using the Langreth theorem, 35 we get the lesser GF,
where G 0 r/a/Ͻ are GFs for U =0, but including the lead broadening effects, i.e.,
with g 0 r/a/Ͻ the free electron GF, and
is the equilibrium Fermi function, and ␣ is the electrochemical potential in lead ␣; ⌺ ␣ r/a are the retarded and/or advanced electron self-energies from Eq. ͑6͒ and G ,
Performing the same ansatz on the doubleparticle GF, from Eq. ͑5b͒, we can get
with
The lesser GFs in Eq. ͑14͒ can also be obtained directly from the general formula
with the help of the ansatz in Eq. ͑13͒. It should be noted that Eq. ͑14͒ is very different from the lesser GF formula
with the self-energy ⌺ Ͻ containing only contributions from the electrodes. Equation ͑20͒ is widely used for both first-principles 5, 10, 40 and model Hamiltonian calculations. 12 The numerical calculation results of conductance dependence on the bias and gate voltages by the two different NEGFs ͓Eqs. ͑14͒ and ͑20͔͒ are shown in Fig. 2 . As we can see in the left panel, the adoption of Eq. ͑20͒ results in an incorrectly symmetry breaking in the gate potential. This wrong behavior is corrected in the right panel where Eq. ͑14͒ has been used. Note that the expressions for the retarded and lesser functions, described above, can be entirely obtained by means of the EOM method formulated on the Keldysh contour ͑see the Appendix͒.
C. Comparison with the master-equation result
In the single site model with two ͑spin-up and spin-down͒ levels, it is possible to make the direct comparison between our ansatz and the master-equation methods. For the latter, we used the well-known master-equation technique for quantum dots. 41, 42 In Fig. 3 , the typical curves of the differential conductance as a function of the bias voltage at fixed gate voltage obtained by the two methods are shown together: there is basically no difference in the results obtained by these two methods. In Fig. 4 , the contour plot of the differential conductance obtained by our ansatz is shown. We do not present here the contour plot obtained by the master-equation method because it looks exactly the same. It is quite clear from the presented figures that our ansatz and the master-equation method give essentially the same results in the limit of weak coupling to the leads. The systematic investigation of the deviations between the two methods at stronger tunneling will be presented in a separate publication.
It is important that our ansatz can be applied straightforwardly to multilevel systems in the case when the exact eigenstates of an isolated system are unknown and the usage of the master-equation method is not easy. In this paper, we consider the simplest example of such a system, namely, a double-site case.
D. Double-site case
We now return to the investigation of the DSJ system ͑Fig. 1͒ with Coulomb interaction on each site. The Hamiltonian is expressed as follows:
with i , j =1,2 indicate the site, t is the constant for electron hopping between different sites. With the help of the EOM, and by means of the truncation approximation on the double-particle GFs, we obtain the closed form for the retarded GFs as follows:
where the DSJ retarded GFs are defined as
Here, ī means "not i," and ⌺ i, r are the electron self-energy from leads.
From Eqs. ͑26a͒ and ͑26b͒ and performing the same ansatz as in the case of SSJ, we can obtain the DSJ lesser GFs with Coulomb-interaction effects as follows; 
͑31͒
where ␥ ␣ i indicates the linewidth function of lead ␣ to site i, and U i is the charging energy at site i. G r/a and G ͑2͒r/a are the GF matrices from Eqs. ͑26a͒ and ͑26b͒. Here, in order to distinguish different GFs, we introduce the subscript ͑U , t͒ for the one with both Coulomb interaction U and intersite hopping t, while ͑U͒ for the one only with Coulomb interaction. For our models, the lesser GFs in Eqs. ͑14͒, ͑18͒, and ͑29͒, which are obtained with the help of our ansatz, can also be obtained by the EOM NEGF formula in Eq. ͑A4͒ or in Ref. 32 within the same truncation approximation.
III. TRANSPORT OBSERVABLES FOR THE DOUBLE-SITE JUNCTION
The current can be generally written as
where the lesser GF is given by Eq. ͑29͒. The differential conductance is defined as
where the bias voltage is defined as
A. Serial configuration
By taking ␥ L 2 = ␥ R 1 = 0, we obtain a serial DSJ, which could describe the kind of molecular quantum junctions like the ones studied in Ref. 24 . First, at small bias voltages, the conductance with the two gate voltages V g 1 and V g 2 was calculated, and the relative stability diagram was obtained, as shown in Fig. 5 . Because of the double degeneracy ͑spin-up and spin-down͒ considered for each site and electrons hopping between the dots, there are eight resonance-tunneling regions. This result is consistent with the master-equation approach. 21 Further, we studied the nonequilibrium current for large bias voltages ͑Fig. 6͒. Because ⑀ 1, and ⑀ 2, are taken as asymmetric, for the case without Coulomb interaction, the I-V curve is asymmetric for ±V bias , and there are one step and one maximum for the current. The step contributes to one peak for the conductance. When we introduce the Coulomb interaction to the system, the one conductance peak is split into several: two peaks, one pseudo peak, and one dip, while the current maximum comes to be double split ͑see Fig. 6͒ . The origin of this is in the effective splitting of the degenerate level when one of the spin states is occupied and the other is empty. When both spin states are occupied, the degeneracy is restored.
This process can be illustrated by the help of Fig. 7 . At zero bias voltage, ⑀ 2, is occupied and ⑀ 1, is empty. Then, we start to increase the bias voltage. ͑a͒ The level ⑀ 2, + U is first opened for transport. It will contribute the first peak for conductance. ͑b͒ Further, the levels ⑀ 2, and ⑀ 1, come into the transport window between the left and the right Fermi levels, resulting in the second peak. ͑c͒ When the level ⑀ 1, + U comes into play, only a pseudopeak appears. This is because there is only a little possibility for electrons to occupy the level ⑀ 1, under positive bias voltage. ͑d͒ Levels ⑀ 2, + U and ⑀ 1, meet, which results in electron resonant tunneling and leads to the first maximum of the current. Then, a new level ⑀ 1, + U appears over the occupied ⑀ 1, due to the Coulomb interaction. ͑e͒ The meeting of ⑀ 2, and ⑀ 1, results in electron resonant tunneling. It means that ⑀ 1, will be occupied, which leads to the appearance of a new level ⑀ 1, + U. Then, ⑀ 2, + U meets ⑀ 1, + U and another resonant tunneling channel is opened for electrons. The two channels result in the second current maximum. ͑f͒ Finally, the level ⑀ 1, + U disappears if the level ⑀ 1, is empty. This means that a dip appears in the conductance. It should be noted that the characteristics of serial DSJ in Fig. 6 have showed some reasonable similarities to experiments of a single-molecule diode.
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B. Parallel configuration
If, on the other hand, the two sites are symmetrically connected to the electrodes, possibly with a small interdot hopping, but with charging energies, U 1 and U 2 fixed to different scales for transport. The resulting stability diagram contains both interference effects for parallel pathways and an overlap of U 1 and U 2 stability diagrams, which we refer to a nesting characteristic ͑see Fig. 8͒ .
The physics of the weak lines in the figure can be understood by the help of charging effects. For simplicity, here, we would ignore the site index i. In the region of large positive gate voltage at zero bias voltage, ⑀ ↑ and ⑀ ↓ are all empty, which means that the two levels are degenerate. Therefore, adding a bias voltage, first, there will be two channels ͑⑀ ↑ and ⑀ ↓ ͒ opened for current ͑thick lines͒. After then, one level ⑀ ͑spin-up or spin-down͒ is occupied, while the other obtains a shift for Coulomb interaction: ⑀ → ⑀ + U. Therefore, when the bias voltage is further increased to make the Fermiwindow boundary meeting level ⑀ + U, only one channel is opened for the current, which results in the weak lines in Fig.  8 , which is the characteristic of CB. The similar case appears in the region of large negative gate voltages. (   FIG. 7. ͑Color online͒ The processes involved in the transport characteristics in Fig. 6 . ⑀ 1 ϵ ⑀ 1, , ⑀ 2 ϵ ⑀ 2, . The red line indicates electron resonant tunneling. ͑a͒ The first conductance peak. ͑b͒ The second conductance peak. ͑c͒ The pseudopeak of conductance. ͑d͒ The first current maximum, and the red line indicates resonant tunneling of electrons. ͑e͒ The second current maximum for electron resonant tunneling. ͑f͒ The dip of conductance.
IV. CONCLUSIONS
In this paper, we introduced here a powerful ansatz for the lesser Green function, which is consistent with both the Dyson-equation approach and the equation-of-motion approach. By using this ansatz together with the standard equation-of-motion technique for the retarded and advanced Green functions, we obtained the NEGF for both the singleand the double-site junctions in the Coulomb blockade regime at finite voltages and calculated the transport observables. The method can be applied to describe selfconsistently transport through single molecules with strong Coulomb interaction and arbitrary coupling to the leads.
To test our method, we analyzed here the CB stability diagrams for a SSJ and a DSJ. Our results are all consistent with the results of experiments and the master-equation approach. We showed that the improved lesser Green function gives better results for weak molecule-to-contact couplings, where a comparison with the master-equation approach is possible.
For the serial configuration of a DSJ, such as a donor and/or acceptor rectifier, the I − V curves maintain a diodelike behavior, as it can be already inferred by coherent transport calculations. 44 Besides, we predict that as a result of charging effects, one conductance peak will be split into three peaks and one dip, and one current maximum into two. For a DSJ parallel configuration, due to different charging energies on the two dot sites, the stability diagrams show peculiar nesting characteristics. In both cases, we present the results of numerical calculations as well as the simple qualitative picture of physical processes.
We believe that the results presented here, beyond their experimental relevance, might be the transparent base for a systematic and modular inclusion of a richer physical phenomenology. Work is currently in progress to include the electron-vibron interactions to this theory. 
